We present a specific constant-amplitude periodic level-crossing model of the semi-classical quantum time-dependent two-state problem that belongs to a general Heun class of field configurations. The exact analytic solution for the probability amplitude, generally written for this class in terms of the general Heun functions, in this specific case admits series expansion in terms of the incomplete Beta functions. Terminating this series results in an infinite hierarchy of finite-sum closed-form solutions each standing for a particular two-state model, which generally is only conditionally integrable in the sense that for these field configurations the amplitude and phase modulation functions are not varied independently. However, there exists at least one exception when the model is unconditionally integrable, that is the Rabi frequency and the detuning of the driving optical field are controlled independently. This is a constant-amplitude periodic level-crossing model, for which the detuning in a limit becomes a Dirac delta-comb configuration with variable frequency of the level-crossings. We derive the exact solution for this model, determine the Floquet exponents and study the population dynamics in the system for various regions of the input parameters.
Introduction
The two-state system is the simplest non-trivial quantum system that can be treated analytically and it is a rather good approximation for many real quantum systems in nature.
Examples of such systems arise in a number of phenomena of contemporary physics, chemistry, engineering, etc. In the present paper we consider the quantum non-adiabatic transitions between levels [1] during the interaction of external optical fields with the matter, when only a transition between two of the levels of a generally multi-state system is nearly resonant with the external driving field. So, we discuss the dynamics of just two quantum levels, i.e., the quantum two-state problem [1] [2] , assuming the effect of the field on other levels to be negligible as they are far off the resonance.
The specific model we consider presents a constant-amplitude periodic phasemodulation field configuration, which may be level-crossing, level glancing or non-crossing. We note that though the level-crossing is a key paradigm of the theory of quantum nonadiabatic transitions [1] [2] , only a few analytic models describing such processes are known [3] [4] [5] [6] [7] [8] [9] . Besides, these are only single-crossing models, and to the best of our knowledge no exactly solvable models of periodic crossings of the resonance are known.
The Schrödinger equation for a quantum two-state system in semi-classical timedependent formulation is written as a system of two coupled first-order ordinary linear differential equations for the probability amplitudes of the two involved states. This system is further reduced to one second-order differential equation for the probability amplitude of the lower or upper level.
A basic set of analytic models of the two-state problem has been developed in the past by solving the time-dependent Schrödinger equations in terms of special functions of the hypergeometric class [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . More models are derived when expressing the solution of the problem in terms of the Heun functions that are solutions of the five Heun equations [15] [16] [17] .
It should be noted that the Heun functions, which compose the next generation of special functions, represent direct generalizations of the hypergeometric functions. For this reason, the solutions in terms of the Heun functions generalize all known hypergeometric cases.
We have recently shown that there exist in total 61 infinite classes of two-state models solvable in terms of the five Heun functions [18] [19] [20] . There are thirty-five classes for which the problem is exactly solved in terms of the general Heun functions [18] , fifteen classes solvable in terms of the single-confluent Heun functions [19] , five classes in terms of the double-confluent Heun functions [20] , five other classes in terms of the bi-confluent Heun functions [20, 21] , and a class in terms of the tri-confluent Heun functions [20] .
In the present paper we discuss a constant-amplitude periodic level-crossing model belonging to one of the thirty-five general Heun classes of field configurations [18] . In the particular case at hand the general Heun function involved in the solution of the two-state problem admits a series expansion in terms of the incomplete Beta functions. The coefficients of the expansion obey a three-term recurrence relation which allows termination of the series.
We show that the conditions for simultaneous left-and right-hand side terminations generally lead to conditionally integrable models for which the amplitude-and detuning-modulation functions are not varied independently. However, there exists a particular unconditionally integrable model. This is a constant-amplitude periodic level-crossing model for which the detuning modulation function for a large parameter is effectively a Dirac delta-comb threaded on a carrier frequency. Notably, the exact solution of the problem for this particular model is eventually written in terms of elementary functions. This solution explicitly indicates the Floquet exponents expressed through the generalized Rabi frequency for the carrier frequency of the associated constant-detuning field. Using the derived solution, we explore the non-adiabatic dynamics of the two-state system subject to excitation by a driving optical field of the mentioned configuration.
A constant-amplitude level-crossing general Heun model of the two-state problem
The governing equations for the probability amplitudes 1 ( ) a t and 2 ( ) a t of the ground and excited states, respectively, for the semi-classical time-dependent two-state problem in the rotating-wave approximation are written as the following system of the first-order linear ordinary differential equations [1, 2] :
Here the amplitude modulation function ( ) U t (the Rabi frequency) and the frequency modulation function ( ) t is readily reduced to one second-order linear differential equation written for one of the probability amplitudes. For the excited state's probability amplitude 2 ( ) a t the equation reads
where (and hereafter) the lowercase Latin alphabetical index denotes differentiation with respect to the corresponding variable.
The reduction of equation (2) to the general Heun equation [15] [16] [17] 
leads to thirty-five classes of field configurations given as [18] The two-state model that we introduce belongs to the general Heun class with
The model is given through the equations (4), (5) with the complex-valued transformation of the independent variable taken as [18] . With the choice of the parameters of the amplitude and detuning modulation functions as
we get a 6-parametric constant-amplitude field configuration with periodic modulation of the detuning given as (see equations (46) and (47) in [18] )
where 0 
This is the case if
The level-glancing sub-family of detuning achieved by the second choice is shown in fig. 2 . (7) (7):
The solution of the two-state problem (2) is explicitly written as
where 0 C is an arbitrary constant, the parameters , , , , ,q      of the general Heun function G H are determined through the equations (15)-(17) of [18] as (without loss of generality we
)
and the pre-factor parameters 1,2,3  are given as
We note that the plus and minus signs in the expression of 1  produce two independent fundamental solutions.
The general Heun function is a rather complicated mathematical object the theory of which is currently poorly developed. However, during the past years a progress is recorded following the approach suggested by Svartholm [22] and Erdélyi [23] . Several new series expansions of the general Heun function have been constructed in terms of simpler special functions such as the incomplete Beta function, the Gauss hypergeometric function, the Appell generalized hypergeometric function of two variables [24] [25] [26] . Below we use a specific expansion of the general Heun function which is applicable if a characteristic exponent of the singularity at infinity is zero [24] . As it is seen from equation (10), in our case the last condition is satisfied as 0   .
Series solutions of the Heun equation in terms of the incomplete Beta functions
Thus, for the field configuration (7) a characteristic exponent of the regular singularity of the general Heun equation (3) at infinity is zero. It has been shown in [24] that the Heun function then permits a series expansion in terms of the incomplete Beta functions:
This expansion is developed as follows. The involved Beta functions satisfy the following second-order linear differential equation:
We note that this is a particular specialization of the Gauss hypergeometric equation for which at least one of the characteristic exponents is zero as it is the case for the Heun equation for the field configuration (7) . If we now put 1 n     for all n , we will then make the characteristic exponents coincide at the singular point 1 z  as well. Then, the strategy is to achieve the correct behavior of function (12) at the remaining singularities 0 z  and z a  by adjusting the parameters n  and the coefficients n c of the sum. This is done by substitution of equations (12) and (13) into equation (3), and then, using the recurrence relations between the involved Beta-functions, grouping the terms proportional to a particular n u and finally requiring all the resultant summands of thereby regrouped sum to vanish.
After some algebra we arrive at a three-term recurrence relation for successive coefficients:
where 
We note that this means that the characteristic exponents of equation (12) at the singular point 0 z  for the first term of the expansion with 0 n  , that is for the term
are also the same as those for the Heun equation (3).
Thus, we finally have the expansion
with the coefficients of the recurrence relation (14) being simplified as
( 2 )( )
The series (19) terminates from the right-hand side and thus generates a closed-form finitesum solution if two successive coefficients, say 
Conditionally and unconditionally integrable sub-models
Having expanded the general Heun function into series in terms of the incomplete Beta-functions and further established the conditions for termination of the constructed series, we now consider if the solution of the two-state problem for the field configuration (7) can be written through a linear combination of a finite number of incomplete Beta functions. So we inspect if the termination conditions are satisfied for the parameters of the general Heun function given by equation (10) . It is then found out that for real input parameters . For 0 N  and 1 N  we get the trivial constant-detuning Rabi model. However, starting from 2 N  , the results become non-trivial. It is then understood that we thereby derive an infinite hierarchy of particular sub-models for which the solution of the two-state problem is given by a linear combination of a finite number of incomplete Beta functions. Consider these cases in more detail.
To meet the termination condition N    suggested by equation (23), we put 2 N   (see equation (10)) with a non-negative integer 0,1, 2,... N  . This reduces the number of variable input parameters of the field configuration (7) to three (we omit the time scaling and shifting parameters  and 0 t ). The second termination condition integrable. The result is that for 2 N  we have an unconditionally integrable model (this model is presented in the next section), while for 3 N  the model is proved to be conditionally integrable. It is expected that for all higher orders 3 N  the models are also conditionally integrable. To give an explicit example of such models, here is the field configuration for the case 3 N  :
The unconditionally integrable sub-model
Consider the case 2 N  , i.e. when the general Heun function involved in solution (9) is represented as a sum of three incomplete Beta functions. We have 2 
Since 0 0 U  and 1 a  , this equation relates the parameters a and 1  :
thus generating an unconditionally solvable 2-parametric two-state model:
We note that since the detuning should be real, the model is applicable for 1 
The 3D-plot of the detuning modulation function (29) depending on the parameter 1  is shown in figure 3 . The plot of this function for several particular values of 1  depicted in figure 4 shows that with increasing 1  the extremum of the detuning approaches 1  , so that for large 1  the detuning modulation function effectively becomes a periodic Dirac deltacomb threaded on the line The general Heun function involved in solution (9) presents a linear combination with constant coefficients of three Beta functions:
where we have introduced the notation
Using the recurrence relation between consecutive neighbors
the sum in equation (30) is readily reduced to include just one Beta function. It is further checked that the coefficient of the term proportional to this beta function is zero so that the sum is finally simplified to a quasi-polynomial:
and 1 0 R    for a non-zero interaction, it is understood that the time evolution of the excited level always involves all the harmonics of the driving field's frequency. . Dashed line presents the detuning ( 1 2   , 1   , 0 0 t  ).
Discussion
Thus, we have presented an analytic model of a quantum semi-classical time- Applying the termination, we have presented two constant amplitude periodic resonance crossing field configurations for which the solution is written in closed form as a finite sum of incomplete Beta functions. One of the models is an unconditionally integrable model and the other is a conditionally integrable one. For the unconditionally integrable model we have written down the explicit solution of the problem and have discussed the behavior of the system subject to excitation by corresponding field configuration. Notably, the solution in this case is finally simplified to an elementary function (quasi-polynomial).
This function explicitly indicates the associated Floquet exponents, that is the spectrum of the quasi-energies.
